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Tensor methods

Taylor polynomials of higher order approximate the function better
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Tensor methods

Goal: minx∈Rn f(x) for some non-convex f : Rn → R

Idea: Iteratively, use pth-order Taylor polynomial as surrogate

xk+1 = yk, where yk = arg min
y∈Rn

Tf,p(xk; y)

Avoid ill-defined subproblem & ensure progress → ARp method

yk = arg min
y∈Rn

Tf,p(xk; y) + σk∥y − xk∥p+1

If f(yk) > f(xk), reject step and increase σk

4 / 23



Known results

Assumptions:
∇pf is Lipschitz continuous: ∥∇pf(x) − ∇pf(y)∥ ≤ Lp∥x − y∥
f is uniformly convex of order q: f(y) ≥ f(x) + ∇f(x)T (y − x) + µq

q ∥y − x∥q

[Doikov and Nesterov 2022]: If σ ≥ pLp

(p+1)! constant and p > q − 1 then
f(xk) → f∗ at a p

q−1 th-order rate and
∇f(xk) → 0 at a p

q−1 th-order rate.

[Cartis, Gould, and Toint 2022]: Using an adaptive σk, for ν = p+1
p , µ = q

q−1 the
function values converge as follows (until f(x) − f∗ < ε)

p < q − 1 (ν > µ): sublinear, O(ε− ν−µ
µ ) iterations

p = q − 1 (ν = µ): linear, O(log(ε−1)) iterations
p > q − 1 (ν < µ): superlinear, O(log(log(ε−1))) iterations
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Example with non-degenerate minimizer

f(x) =
∫ x

0 (t + 1)4(t − 1)2t dt

f has one local (and global)
minimizer at x∗ = 0
f is not globally convex, but locally
strongly convex: f ′′(x∗) = 1
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Newton’s method (p = 2, σ = 0)
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Newton’s method (p = 2, σ = 0)
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Newton’s method (p = 2, σ = 0)

−2 −1 0 1
x

−1.0

−0.5

0.0

0.5

f(x)
t3(x)

m3(x)
x3

y3

0 2 4 6 8
k

100

101

log10(∥xk − x∗∥−1)
1
2 2k

7 / 23



Newton’s method (p = 2, σ = 0)
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AR3, constant σk
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AR3, adaptive σk and global model minimizer
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AR3, adaptive σk and global model minimizer
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AR3, adaptive σk and right model minimizer
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Example with degenerate minimizer

f(x) =
∫ x

0 3(t + 1)4(t − 1)2t3 dt

f has one local (and global)
minimizer at x∗ = 0
f is locally uniformly convex around
x∗ with q = 4:

f ′′(x∗) = 0
f ′′′(x∗) = 0
f ′′′′(x∗) = 18
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Newton’s method (p = 2, σ = 0)
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Newton’s method (p = 2, σ = 0)
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AR5, adaptive σk and global model minimizer
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AR5, adaptive σk and right model minimizer
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Assumptions

xk and yk are generated by ARp (Algorithm 1)
x∗ is a local minimizer of f

∇pf is Lipschitz continuous with constant Lp

f is uniformly convex of order q with constant µq on B(x∗, rq)
p > q − 1
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Convergence for successful iterations

Lemma
If xk, yk ∈ B(x∗, rq) and iteration k is successful, then the gradients satisfy

∥∇f(yk)∥ ≤
(
Lp/p! + (p + 1)σk

)( q

µq

) p
q−1

∥∇f(xk)∥
p

q−1 .
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Convergence for successful iterations

Theorem
If all iterates stay inside B(x∗, rq) and x0 is close enough to x∗, then

∥∇f(xki
)∥ → 0 at a Q- p

q−1 th-order rate
f(xki

) → f(x∗) at a Q- p
q−1 th-order rate

xki
→ x∗ at an R- p

q−1 th-order rate

where {k1, k2, . . . } are the successful iterations.
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Convergence for worst-case model minimizer

Theorem
If all iterates stay inside B(x∗, rq) and x0 is close enough to x∗, then

∥∇f(xk)∥ → 0 at an R- α+1
√

p
q−1 th-order rate

f(xk) → f(x∗) at an R- α+1
√

p
q−1 th-order rate

xk → x∗ at an R- α+1
√

p
q−1 th-order rate

where γ1 = γ−α
2 . (α = 0 and α = 1 in experiments)
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Convergence for close model minimizer

Lemma
Let Ck be the connected component of the sublevel set {y ∈ Rn | mk(y) ≤ mk(xk)}
that contains xk. There exists a radius rc > 0 such that for any xk ∈ B(x∗, rc) there
exists a local minimizer mk inside Ck and any (approximate) stationary point yk of mk

inside Ck gives a successful iteration.
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Convergence for close model minimizer

Theorem
Assume that yk ∈ Ck at every iteration. If x0 is close enough to x∗, then all iterations
are successful and

∥∇f(xk)∥ → 0 at a Q- p
q−1 th-order rate

f(xk) → f(x∗) at a Q- p
q−1 th-order rate

xk → x∗ at an R- p
q−1 th-order rate.
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Conclusion

For tensor methods (p ≥ 3) choosing the right model minimizer is crucial
Tensor methods achieve p

q−1 th-order rates in theory and experiments
Tensor methods achieve superlinear convergence even for degenerate minimizers
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Appendix

Theorem
If x0 is close enough to x∗ (depending on σ0), then either all iterates stay inside
B(x∗, rq) or the first iterate outside this ball satisfies f(xk) < f(x∗).
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