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ARp tensor methods Experiments: degenerate minimizer?!

 Goal: local minimizer x, of smooth function f: R® — R o f(z) = fox 3(t+1)4(t —1)%¢3 dt
* Assume access to derivatives up to order p  £. = 01Is the unique local and global minimizer
» Steepest descent: first-order, p = 1 » x, IS degenerate because f"(z,) =0

» Newton’s method: second-order, p = 2
» Tensor methods: pth-order with p > 3
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e At each iteration k we find a local minimizer y,. of - ogu(ler = ) ; ;gm(ux’“ =)
1 e sth-order convergence
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where T, +(xy, -) Is the pth-order Taylor expansion at x, 10 9/9 o—o——° 7 10 -
o If f(y,) is sufficiently smaller than f(x,) (= successful iteration) then § :
> the point is accepted: x,_; = y, 0 , A ) | 0 ) i ) X
» the regularization is decreased: o, ; = 30, k k
e Otherwise (= unsuccessful iteration) |
. the point is rejected: z;, , = z; Newton’s method: p =2 and o, = 0 ARS with constant o, = 0.8
 Tp 1 =
» the regularization is increased: o, ; = 20, : :
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o f(z) = [T (t+1)4(t—1)%tdt M ;
 £. = 01Is the unique local and global minimizer 10° 10° -

e x, IS non-degenerate because f”(z,) =1 >0

The function f, Taylor expansion ¢, and model m, have the following , ,
shape. For o, = 0.2 (left) the model has two minimizers: 1 local, 1 global.
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/\ /\ A function f is locally uniformly convex of degree q > 2 around -, If there

~059 = f(n) mi@) Xz —059 — f(n) mi(z) Xz exists a neighbourhood §2 around z, and a value p, > 0 such that
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Explanations
. ~ 0,0, =0.2 ., ~0,0,=04

 Example 1 satisfies (x) with ¢ = 2 and example 2 with ¢ = 4
 Convergence of order r > 1 corresponds to a straight line with slope r

on our plots (log,, (|, — z,| ") is shown on a log-scaled axis).
 Newton converges quadratically when ¢ = 2 and linearly when ¢ > 2
 ARp with o, large and constant converges with rate q%l whenp >q—1
» For adaptive o,, convergence rates can depend on the choice of y,

AR5 where y, = global min of m, AR5 where y, = local min of m,,

fly) > fx)+ Vf(x) (y—x)+ p,lly—x|? Vo,yecQ (%)

Convergence plots: Number of correct digits vs iteration k
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s ) » Choosing the global min of m,, gives ,/ﬁth-order convergence
» Choosing the (correct) local min of m, gives %th-order convergence
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] quadratic convergence ] cubic convergence )
— ———————— Conclusion
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k k « ARp converges superlinearly, whenever p > g — 1 [1]

 The order of convergence Is ﬁ when o, IS constant and large [2] even
on honconvex functions [our result]

» For adaptive o, the choice of y, matters:

_ » right local min: ﬁth-order conv. Is preserved even as o, — 0 [ours]

10! - » wrong/global min: worse rate in general, still superlinear [ours]
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Newton’s method: p =2 and o, = 0 AR3 with constant o, = 0.8
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lIExperiments are done in arbitrary precision arithmetic (up to 250 significant digits) starting at z, = 0.1 and o, = 0.8.
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