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Tensor methods

m Unconstrained minimization mingegn f(x) for f: R™ — R smooth, non-convex

m Only access to f through local oracles at requested points
m Tensor methods use stronger oracles

m Gradient descent uses f(xx), V f(xg)

m Newton's method uses f(xx), Vf(x), V2 f(xk)

m pth-order tensor methods use f(xy), Vf(xg),..., VP f(xk)
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Tensor methods

Idea: Iteratively, use pth-order Taylor polynomial as surrogate

Tj11 = Yk, Where y; = arg gﬁn 17, f(y)
yeR™

Avoid ill-defined subproblem & ensure progress — regularization methods

Y = arg IIRflin Tgfjkf(y) + UkHy - kap-i-l
yeRn

g idi
... ...
U U
p=3,0=10" p=30=102
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The ARp method & |

Algorithm 1.1: Adaptive algorithm using up to pth derivatives
Parameters: 09 >0, 0<n<1,0< 11 <1<y
1 fork=0,1,... do

2 Compute objective function and derivatives f(x), Vf(xg),..., VPf(xy)

3 Construct local Taylor expansion as t1,(y) = 7 ],ij(wk)[ —x)

4 | Construct local model as my(y) = tx(y) +

5 Find a stationary point y, € R™ of my, that satisfies my(yxr) < mg(xr)

6 | if f(ex) — f(yr) = n(te(zk) — ti(yx)) then

7 ‘ Set 11 =y and 0511 = Y10% // successful iteration
8 else

9 ‘ Set 11 = xk and g1 = Y20 // unsuccessful iteration
10 end
11 end

6/56



When are pth-order methods (provably) faster?

Global worst-case complexity
Local convergence

Numerical experiments

7/56



Table of Contents

Global complexity

8/56



Global iteration complexity

In the worst case, how many iterations/oracle calls does ARp need to calculate an
e-approximate first-order critical point (||V f(zy)|| < €) on the class of functions
with Lipschitz continuous pth derivatives (f € C’fp) that are lower bounded

(f (@) = fiow)?

9/56



Why regularization?

For second-order methods, pure Newton does not converge globally

yi = argmin T2 f(y) = @k + V2 f () 'V f (k)
ye n

Different globalization approaches
m Levenberg-Marquardt regularization: y;, = xy + (V2f (1) + ﬂkI)_IVf(ack)
m Linesearch: yi = 1, + ax V2 f(xr) 'V f(x)
m Trust region: yj, = argmingcgn T f(y) s.t. [y — xpl| < Ay

m Cubic regularization: y;, = argmin, cg. T, f(y) + oxlly — zi|®
m Suggested by Griewank (1981) and Nesterov and Polyak (2006)
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Why regularization?

Cubic regularization matches smoothness assumption

Typical assumption: Lipschitz continuity of V2f (f € C,%z)

IV2f (@) = V2 f(y)ll < La||z — yl|

This implies bounds on Taylor expansion error:

fw) - Tofy)l < 5 22y — o and |V (y) - V()] < 51 Ly — o

In particular, T2 f(y)+ Ly — x| > f(y) for all y € R"
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The ARp method (for reference)

Algorithm 2.1: Adaptive regularization algorithm using up to pth derivatives
Parameters: 09 >0, 0<n<1,0< 11 <1<y
1 fork=0,1,... do

2 Compute objective function and derivatives f(x), Vf(xg),..., VPf(xy)

3 Construct local Taylor expansion as t1,(y) = 7 ],ij(wk)[ —x)

4 | Construct local model as my(y) = tx(y) + oxly — zx||P™*

5 Find a stationary point y, € R™ of my, that satisfies my(yxr) < mg(xr)

6 | if f(ex) — f(yr) = n(te(zk) — ti(yx)) then

7 ‘ Set 11 = yi and op11 = Y10% // successful iteration
8 else

9 ‘ Set 11 = o and g1 = Y20k // unsuccessful iteration
10 end
11 end
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Global iteration complexity (proof sketch) é\% A

For successful iterations, the algorithm and Lipschitz continuity give

flar) = flyr) > n(te(@r) — te(yr)) > nokllyr — P

L
IV ()l < [V (yr)ll + ﬁllyk — ap|”

L
< IVmu(y) | +(p + Dowllye — ell” + — lye — 2ell”
\—_6_/ p,
This implies by Tr+1 = Yk

_ptl

f@n) = S(erer) = non (0 + 1>ak+fj) "IV f (@)

pt1
I
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Global iteration complexity

Enforcing 0% > omin > 0 during the algorithm, we have

) o 72 Lp
0 < omin < 0k < Omax = max{ag, =+ 1)!} < 00

and at most

p+1
P _p+1 p+1

—((p+ Dom + ’;,) (F(@0) — fio)e™ 5 = O™ 5)

T)10min

successful iterations until a point with ||V f(zx)| < € is found. [Birgin et al. 2017]
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Global iteration complexity é%

_pil
If unsuccessful iterations are included, still O(e™ 7 )

|

m Approximate stationary ||[Vmy(yg)| < 0||yr — xx||P also covered

m Each iteration computes f(xg),..., VPf(xr) and f(yx) — oracle complexity
m Bound improves as p increases

m Breakthrough by Nesterov and Polyak (2006) for p = 2
m Standard trust-region methods have O(c~2) for any p [Cartis, Gould, and Toint 2022]

_ptl _
m O(¢ 7 ) is optimal among pth-order methods [Carmon et al. 2020]

Takeaway

Higher-order methods have provably better worst-case complexities
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Collaboration with

Yang Liu Raphael Hauser Coralia Cartis

Karl Welzel, Yang Liu, Raphael A. Hauser, and Coralia Cartis (Oct. 29, 2025). Local
Convergence of Adaptively Regularized Tensor Methods. DOI:
10.48550/arXiv.2510.25643. arXiv: 2510.25643 [math]. Pre-published
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Uniform convexity

Definition
A function f: R™ — R is uniformly convex of order ¢ > 2 inside 2 C R" if

f) 2 @)+ VI @) (y =)+ ly — 2! Vo,y €0
for some fi4 > 0.

m Uniformly convex of order ¢ around =, = f(x) — f(z.) > %Hw — x|
m Uniformly convex of order ¢ around ., = @, is an isolated minimizer

m Uniformly convex of order 2 <= strongly convex
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Known results

)
o |

Assumptions:
m VP f is Lipschitz continuous: [|[V?f(x) — VP f(y)| < Lp|x — y||

m f is uniformly convex of order q: f(y) > f(x) + Vf(z)'(y — x) + %Hy — x|/

[Doikov and Nesterov 2022]: If o > % constant and p > g — 1 then
m f(xy) = f* at a Lyth-order rate and

m Vf(xk) — 0 at a Lyth-order rate.

[Cartis, Gould, and Toint 2022]: Using an adaptive oy, for v = ptl =

Iz

function values converge as follows (until f(x) — f* <€)
mp<q—1(v>p) sublinear, 0(67%) iterations
mp=q—1(v=p): linear, O(log(¢™')) iterations
mp>q—1(v<pu) superlinear, O(log(log(¢~1))) iterations

q
(1—71 the

19/56



Example with non-degenerate minimizer

0.5
mf(z) = [f(t+ D)4t —1)%*tdt 0
m [ has one local (and global) ‘
minimizer at x, = 0
m f is not globally convex, but locally =057
strongly convex: f”(x,) =1 — fl@) X 2,=0
_1.0 T T T
-2 -1 0 1
X
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Newton's method (p = 2, 0 = 0)

0.5 /_/
0.0 /
057 — f) mo(z) X o
- to(l’) X i)
_1.0 T T T
9 -1 0 1
xr

10! E

109 E

L,

—©— logyg(l|lok — 2.7

19k
52
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Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)
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AR3, constant oy,

)
oo !
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AR3, constant oy, é\% E
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AR3, constant oy, é\% E
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AR3, constant oy, é\% E
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AR3, adaptive ;. and global model minimizer
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AR3, adaptive ;. and global model minimizer
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AR3, adaptive ;. and global model minimizer

0.5

0.0 L e /_/
x /\
—0.5 1 —_— f(.]?) mQ(J?) X Yo
- t2(1’) X T2
1.0 — | .
T

10! E
O— logyo(Jlzk — =)
0 .
1073 L(V3)
T T . :
k

23/56



AR3, adaptive ;. and global model minimizer
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AR3, adaptive ;. and global model minimizer
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AR3, adaptive ;. and global model minimizer
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AR3, adaptive o and right model minimizer
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AR3, adaptive o and right model minimizer
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AR3, adaptive o and right model minimizer
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AR3, adaptive o and right model minimizer
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Example with degenerate minimizer

0.5
mf(2) = [73t+1)4t—1)%3dt
m f has one local (and global)
minimizer at £, = 0 0.0 7 o
m f is locally uniformly convex around
T, with q= 4. —0.5 -
mf(z.)=0
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Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)

0.5 \ /_/
0.0 + —X-
057 — f@) ma(z) Xy
—_ t4(x) X x4
—10 T T T
—2 —1 0 1
s

10! E

109 E

—6— logg(llzr — 2] 71)

26 /56



Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)
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Newton's method (p = 2, 0 = 0)
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ARb, adaptive ;. and global model

minimizer
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ARb, adaptive ;. and global model minimizer
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ARb, adaptive ;. and global model minimizer
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ARb, adaptive ;. and global model minimizer
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ARb, adaptive ;. and global model

minimizer
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ARb, adaptive ;. and global model minimizer
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ARb, adaptive ;. and global model minimizer
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ARb, adaptive ;. and global model minimizer
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ARb, adaptive ;. and global model minimizer
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AR5, adaptive o and right model minimizer
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AR5, adaptive o and right model minimizer
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AR5, adaptive o and right model minimizer

0.5 3
\ // ] —6— log(flas — 2. )
/ B
N f e 10 ; 53
—0.5 1 )
J— f(x) mQ(x) X Y 100 __@///q
- tQ(l') X xIo é
—10 L T T T ] T T T T T
-2 -1 0 1 0 2 4 6 8
z k

28 /56



AR5, adaptive o and right model minimizer
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AR5, adaptive o and right model minimizer
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Assumptions

@) and yi are generated by ARp (Algorithm 1)
x, is a local minimizer of f
VP f is Lipschitz continuous with constant L,

f is uniformly convex of order ¢ with constant j, on B(x.,74)

p>q—1
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Convergence for successful iterations

Lemma

If T, yi, € B(xs,rq) and iteration k is successful, then the gradients satisfy

p

V@l < (Lofp + 0+ Do) (j) I )7

q
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Convergence for successful iterations

Theorem

If all iterates stay inside B(x,74) and xq is close enough to x., then

|V f(xx,)|| — 0 at a Q—qfl th-order rate
fzg,) = f(xs) at a Q—qfl th-order rate
Tp, — T at an R—qfl th-order rate

where {ki, ko, ...} are the successful iterations.
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Convergence for worst-case model minimizer

Theorem

If all iterates stay inside B(x,74) and g is close enough to x., then

IV f(zg)| — 0 at an R- R/ L5 th-order rate
f(xr) = f(xs) at an R- R/ Ly th-order rate
Tp — Ty at an R- ot} ﬁth—order rate

where v1 =75, . (o =0 and o = 1 in experiments)
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Convergence for close model minimizer

Lemma

Let Cy, be the connected component of the sublevel set {y € R™ | my(y) < my(x)}
that contains xy. There exists a radius r. > 0 such that for any xy, € B(x.,1.) there
exists a local minimizer my, inside Cy, and any (approximate) stationary point yy, of my,
inside Cy, gives a successful iteration.
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Convergence for close model minimizer

Theorem

Assume that yi. € Ci. at every iteration. If xq is close enough to x,, then all iterations
are successful and

|V f(xzr)]| =0 at a Q— 1 th-order rate
f(zr) = f(zs) ata Q-;°

T — T at an R——th order rate.

th order rate
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Local convergence é%
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Takeaways

m For tensor methods (p > 3) choosing the right model minimizer is crucial
m Tensor methods achieve q%lth—order rates in theory and experiments

m Tensor methods achieve superlinear convergence even for degenerate minimizers
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Collaboration with

'

Coralia Cartis Raphael Hauser Yang Liu Kate Zhu

Coralia Cartis, Raphael Hauser, Yang Liu, Karl Welzel, and Wenqgi Zhu (Mar. 24,
2026). "Efficient Implementation of Third-order Tensor Methods with Adaptive
Regularization for Unconstrained Optimization”. In: Mathematical Programming
Computation. 1SSN: 1867-2949, 1867-2957. DOI: 10.1007/s12532-026-00313-6

37/56


https://doi.org/10.1007/s12532-026-00313-6

Example function: slalom

S Mathematical
55 Institute

600

«  p=1,04 = 0.5,local/global min
= p=2,0; = 2.4,local/global min
*  p=3,0, =12.5,local min

x  p=3,04 = 12.5, global min

iterations

f(zy)

1 2 3 3
loc. glob.
P
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Numerical studies

Custom AR3 implementation (https://github.com/karlwelzel/ar3-matlab)
Test set: 35 MGH problems (2 < n < 40) and 6 additional custom ones (n = 100)

Cost measures: function evaluations, derivative evaluations, subproblem solves

Subproblem solver: AR2 (mostly treated as black-box)
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Choosing the initial regularization parameter o
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Choosing the initial regularization parameter o
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— 00 =107

Function evaluations (¢; = 107%)

8 B T E— 00 = 108 .

Derivative evaluations (¢; = 107%)

= op: Taylor

Subproblem solves (g7 = 107)

1.00

1.00

1.00
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More aggressive interpolation-based o updates
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More aggressive interpolation-based o updates QR
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—— AR3-Simple === AR3-Interp
Function evaluations (¢; = 107®)  Derivative evaluations (¢; = 107%) Subproblem solves (g7 = 107)
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Heuristic pre-rejection

OXFORD

. Mathematical
Institute

Is]

Model minimizers are discontinuous with respect to o
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Heuristic prerejection
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o No evaluation ®  fevaluated * f... V3 f evaluated v Final iterate
AR3-Simple AR3-Simple™ AR3-Interp AR3-Interp™
.
e | |- | . 2
H &
1077 A R R R
10— T 1 T 1 T 1 T 1
10* 1071 1072 10* 1071 10726 10* 1071 1072 10* 10°1% 1072
10° A R R R
. .
100 FNgstensatons { Mprtenentens RS PP SR [ KO sppees T
H [ i ¢ e o)
° s d i j j =
10 S
1077 4 R R R
1071 v " v " v " v "
1074 107 1074 0= 1074 0= 1074 107
f=r = f=r f=r

45 /56



Heuristic prerejection

—— AR3-Simple

Function evaluations (¢; = 107%)

-=-- AR3-Simple™

AR3-Interp

Derivative evaluations (¢; = 107%)

AR3-Interp™

Subproblem solves (g7 = 107)

1.00 1.00 1.00
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Further tuning 55\@
m Previously solved subproblems until ||Vmy(y.)|| < 1079
m Better performance for |V (yx)|| < 100]|yx — x|
m Less accurate subproblem solves, pre-rejection used less often
m To avoid fine-tuning, previous plots only used half of MGH, now all 35 problems
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Numerical experiments

Takeaway

Third-order methods do better than second-order ones on practical test functions
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Conclusion
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_ptl .
m Global complexity O(¢~ » ) improve as p increases

m Local convergence %th—order rates improve as p increases

m Third-order methods can outperform second-order ones on oracle calls
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Appendix (local convergence) é\% :

Theorem

If g is close enough to x. (depending on oy), then either all iterates stay inside
B(z.,rq) or the first iterate outside this ball satisfies f(xy) < f(@x).
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Appendix (numerical experiments)
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