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AR𝑝 tensor methods

• Goal: local minimizer 𝒙∗ of smooth function 𝑓: ℝ𝑛 → ℝ
• Oracle access to derivatives up to order 𝑝
• ∇𝑝𝑓  is Lipschitz continuous with unknown constant

Adaptive regularization with 𝑝th-order Taylor expansion (AR𝑝)

1: while ‖∇𝑓(𝒙𝑘)‖ > 𝜀 do
2: Compute derivatives ∇𝑓(𝒙𝑘), ∇2𝑓(𝒙𝑘), …, ∇𝑝𝑓(𝒙𝑘)
3: Find (approximate) minimizer 𝒚𝑘 of

𝑚𝑘(𝒚) = 𝑇 𝑝
𝒙𝑘

𝑓(𝒚) + 𝜎𝑘‖𝒚 − 𝒙𝑘‖𝑝+1

4: if the function decrease 𝑓(𝒙𝑘) − 𝑓(𝒚𝑘) is sufficient then
5: Accept step 𝒙𝑘+1 = 𝒚𝑘, decrease regularization 𝜎𝑘+1 = 1

2𝜎𝑘
6: else  
7: Reject step 𝒙𝑘+1 = 𝒙𝑘, increase regularization 𝜎𝑘+1 = 2𝜎𝑘
8: end
9: end

Experiments: non-degenerate minimizer
1

• 𝑓(𝑥) = ∫𝑥
0

(𝑡 + 1)4(𝑡 − 1)2𝑡 d𝑡
• 𝑥∗ = 0 is the unique local and global minimizer

• 𝑥∗ is non-degenerate because 𝑓″(𝑥∗) = 1 > 0

The function 𝑓 , Taylor expansion 𝑡𝑘 and model 𝑚𝑘 have the following 

shape. For 𝜎𝑘 = 0.2 (left) the model has two minimizers: 1 local, 1 global.

𝑥𝑘 ≈ 0, 𝜎𝑘 = 0.2 𝑥𝑘 ≈ 0, 𝜎𝑘 = 0.4

Convergence plots: Number of correct digits vs iteration 𝑘

Newton’s method: 𝑝 = 2 and 𝜎𝑘 = 0 AR3 with constant 𝜎𝑘 = 0.8

AR3 where 𝒚𝑘 = global min of 𝑚𝑘 AR3 where 𝒚𝑘 = local min of 𝑚𝑘

Experiments: degenerate minimizer
1

• 𝑓(𝑥) = ∫𝑥
0

3(𝑡 + 1)4(𝑡 − 1)2𝑡3 d𝑡
• 𝑥∗ = 0 is the unique local and global minimizer

• 𝑥∗ is degenerate because 𝑓″(𝑥∗) = 0

Newton’s method: 𝑝 = 2 and 𝜎𝑘 = 0 AR5 with constant 𝜎𝑘 = 0.8

AR5 where 𝒚𝑘 = global min of 𝑚𝑘 AR5 where 𝒚𝑘 = local min of 𝑚𝑘

Uniform convexity

A function 𝑓  is locally uniformly convex of degree 𝑞 ≥ 2 around 𝒙∗ if there 

exists a neighbourhood Ω around 𝑥∗ and a value 𝜇𝑞 > 0 such that

𝑓(𝒚) ≥ 𝑓(𝒙) + ∇𝑓(𝒙)𝑇 (𝒚 − 𝒙) + 𝜇𝑞‖𝒚 − 𝒙‖𝑞 ∀𝒙, 𝒚 ∈ Ω (∗)

Explanations

• Example 1 satisfies (∗) with 𝑞 = 2 and example 2 with 𝑞 = 4
• Convergence of order 𝑟 > 1 corresponds to a straight line with slope 

log(𝑟) on our plots (log10 (‖𝑥𝑘 − 𝑥∗‖
−1) is shown on a log-scaled axis)

• Newton converges quadratically when 𝑞 = 2 and linearly when 𝑞 > 2
• AR𝑝 with 𝜎𝑘 large and constant converges with rate 𝑝

𝑞−1  when 𝑝 > 𝑞 − 1
• For adaptive 𝜎𝑘, convergence rates can depend on the choice of 𝒚𝑘
‣ Choosing the global min of 𝑚𝑘 gives √ 𝑝

𝑞−1 th-order convergence

‣ Choosing the (correct) local min of 𝑚𝑘 gives 𝑝
𝑞−1 th-order convergence

Conclusion

• AR𝑝 converges superlinearly, whenever 𝑝 > 𝑞 − 1 [1]

• The order of convergence is 𝑝
𝑞−1  when 𝜎𝑘 is constant and large [2] even 

on nonconvex functions [our result]

• For adaptive 𝜎𝑘 the choice of 𝒚𝑘 matters:

‣ right local min: 𝑝
𝑞−1 th-order conv. is preserved even as 𝜎𝑘 → 0 [ours]

‣ wrong/global min: worse rate in general, still superlinear [ours]

References
[1] C. Cartis, N. I. M. Gould, and P. L. Toint, Evaluation Complexity of Algorithms for 

Nonconvex Optimization: Theory, Computation and Perspectives. Philadelphia, PA: 

Society for Industrial and Applied Mathematics, 2022. doi: 10.1137/1.9781611976991.

[2] N. Doikov and Y. Nesterov, “Local Convergence of Tensor Methods,” Mathematical 

Programming, vol. 193, no. 1, pp. 315–336, May 2022, doi: 10.1007/s10107-020-01606-x.

1
Experiments are done in arbitrary precision arithmetic (up to 250 significant digits) starting at 𝑥0 = 0.1 and 𝜎0 = 0.8.
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